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Abstract
We show that the conjugate T ∗ of an operator T :X → Y , with X and Y Banach spaces, satisfies the
following dichotomy: either T ∗ preserves the nonconvergence of bounded martingales in Y ∗, or there exists
a compact operator K :X → Y such that the kernel N(T ∗ +K∗) fails the Radon–Nikodým property.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
A useful approach in Banach space theory is the study of operators that preserve isomorphic
properties of Banach spaces without being isomorphisms, such as semi-Fredholm operators and
Tauberian operators [5,14]. In this line, several authors have studied those operators T :X → Y
such that for any operator A :L1 → X the representability of TA implies the representability
of A; we denote the class of these operators by RN+. For example, Bourgain and Rosenthal
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then T ∈RN+ (see also [11, Corollary 2.2]). As a consequence, if Y has the Radon–Nikodým
property, then so has X. Ghoussoub and Rosenthal asked [11, Problem II.3], more generally,
if Gδ-embeddings belong to RN+. Later, Ghoussoub and Maurey [8] gave a negative answer:
they constructed examples of Gδ-embeddings from spaces failing the Radon–Nikodým property
into 2. The preservation of other isomorphic properties by semiembeddings, Gδ-embeddings,
Hδ-embeddings and other classes of operators was also considered in [9,10]. The class RN+
also appears in a construction of L1-spaces due to Bourgain. In [2, Theorem 1] (see also [3]), he
shows that if T :L1 → L1 belongs to RN+, then the kernel N(T ) can be embedded in a L1-
space with the Radon–Nikodým property, and, by constructing a family of convolution operators
belonging to RN+, he proves that a L1-space that contains an isomorphic copy of all L1-spaces
with the Radon–Nikodým property must also contain a subspace isomorphic to L1.
In this paper we study those operators T :X → Y such that T ∗ belongs to RN+. Recall that
the operators from L1 to a Banach space X correspond to the bounded martingales in X, and
an operator A :L1 → X is representable if and only if the corresponding martingale is a.e. con-
vergent (see [6]). So an operator T :X → Y belongs to RN+ if and only if it preserves the
nonconvergence of bounded martingales; more precisely, if and only if given a bounded martin-
gale (gα) in X, (T gα) a.e. convergent in Y implies (gα) a.e. convergent in X. Our main result
states that the conjugate T ∗ of an operator T :X → Y satisfies the following dichotomy: either T ∗
belongs to RN+, or there exists a compact operator K :X → Y so that the kernel N(T ∗ + K∗)
fails the Radon–Nikodým property. Observe that, since compact operators A :L1 → Y are rep-
resentable [6, Theorem III.2.2], it follows immediately from the definition that if T ∈RN+ and
K is compact, then T +K ∈RN+ and the kernel N(T +K) has the Radon–Nikodým property,
so our result states that the class RN+ is maximal in some sense.
In [1] an axiomatic approach is made to these classes of operators that preserve isomorphic
properties, called semigroups, and it is shown that each operator ideal U has two associated
semigroups U+ and U− defined as follows: T ∈ U+ if and only if, for every operator A, TA ∈ U
implies A ∈ U ; and T ∈ U− if and only if, for every operator B , BT ∈ U implies B ∈ U . Also,
Pietsch [15, Section 24.2] defines the Radon–Nikodým operators as those operators T :X → Y
such that for every operator A :L1 → X, the product TA is representable. The class of Radon–
Nikodým operators is an operator ideal [15, Theorem 24.2.7], usually denoted by RN , and it
is easy to see that the semigroup RN+ associated with RN coincides with the class RN+ we
introduced before, and this is the origin of our notation. In [12] we can find other examples of
semigroups that admit a characterization in terms of perturbation by compact operators. In [15,
Section 24.4], Pietsch also considers the decomposing operators, which can be characterized
as those operators T :X → Y such that T ∗ ∈ RN . The class of decomposing operators is an
operator ideal, which is denoted by Q, and it follows from our main result that an operator
T :X → Y belongs to Q− if and only if for every compact operator K :X → Y , the cokernel
Y/R(T +K) is an Asplund space; equivalently, every separable subspace of Y/R(T +K) has
separable dual.
Recall that a dual space has the Radon–Nikodým property if and only if it contains no bounded
separated trees [6, Theorem VII.2.6]. We derive our main result from the following one, which is
slightly stronger: let T :X → Y be an operator such that T ∗ /∈RN+ and let λ > 1. Then there ex-
ist a bounded separated tree (zn)n∈N ⊆ Y ∗ and a pair of biorthogonal seminormalized sequences
(bn)n∈N ⊆ Y and (dn)n∈N ⊆ Y ∗ such that (dn)n∈N is the difference sequence of (zn)n∈N, hence
its span fails the Radon–Nikodým property, is also λ-basic, and (T ∗dn)n∈N is absolutely conver-
gent. We should note that the Banach space properties associated to the semigroups considered
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is more difficult to deal with, so the proofs here are quite more technical than those in [12].
In the paper X and Y are Banach spaces, X∗ is the dual space of X and SX := {x ∈ X:
‖x‖ = 1} is the unit sphere of X. Given C ⊆ X, Φ ⊆ SX∗ and η  1, we will say that Φ η-
norms C if
η max
x∗∈Φ〈x
∗, x〉 ‖x‖
for every x ∈ C. Also, [C] denotes the closed linear subspace of X generated by C.
We denote byL(X,Y ) the continuous linear operators from X to Y , and T ∗ ∈ L(Y ∗,X∗) is the
conjugate operator of T ∈ L(X,Y ). Given a closed subspace Y of X, we denote by iY ∈ L(Y,X)
the natural inclusion operator. Moreover, L1 is the space of all integrable functions on the unit
interval. Recall that an operator A ∈ L(L1,X) is representable if there exists g ∈ L∞([0,1],X)
such that
Af =
1∫
0
f (t)g(t) dt
for all f ∈ L1. We refer to [6] for information on the basic properties of representable operators
and spaces with the Radon–Nikodým property.
2. Nonrepresentable operators into a dual space
Our interest is in the operators T ∈ L(X,Y ) such that T ∗ /∈RN+. As a consequence of the
definition, this is equivalent to the existence of a nonrepresentable operator A ∈ L(L1, Y ∗) such
that T ∗A is representable. Stated this way, this is not very useful for our purpose, so we will
devote this section to obtain a more intrinsic characterization of these operators in terms of its
action over an specific set.
It is well known that a dual Banach space X∗ has the Radon–Nikodým property if and only
if each nonempty bounded subset of X∗ contains nonempty relatively w∗-open subsets of arbi-
trarily small diameter [7, Proposition 6.4]. Next we introduce a quantity ρ for subsets of a dual
space X∗ that quantifies this property and will allow us to characterize the operators such that
T ∗ /∈RN+ in Proposition 7.
Definition 1. Let C be a nonempty subset of X∗. We define
N (C) := {U : U is a nonempty relatively w∗-open subset of C},
ρ(C) := inf{diamU : U ∈N (C)}.
In the cases where the topology involved may not be clear, we will explicitly write
N σ(X∗,X)(C) or ρσ(X∗,X)(C).
Remark 2. Observe that U ∈N (C) implies ρ(U) ρ(C). This fact will be crucial later, when
we construct a decreasing δ-separated tree of subsets of a given set, all of them with diameter
greater than a fixed number.
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and only if each nonempty subset D ⊂ BX∗ satisfies ρ(D) = 0; in fact, if X∗ fails the Radon–
Nikodým property, then there exists D ⊆ BX∗ for which ρ(D) is arbitrarily close to 1. What we
will prove in this section is that, given an operator T ∈ L(X,Y ) such that T ∗ /∈RN+, there exists
some nonempty w∗-compact D ⊂ BY ∗ such that ρ(D) > 0 and T ∗(D) is relatively compact. We
will have to start by refining some of the arguments which are used when dealing with dual
spaces failing the Radon–Nikodým property.
The following topological result will simplify our arguments in the proof of Lemma 4.
Lemma 3. (See [7, Lemma 6.7].) Let T be a topological space with a countable basis and let
A be an uncountable subset of T . Then there is a subset A1 of A such that every point in A1
is a condensation point, that is, for every neighborhood V of a point in A1 the set A1 ∩ V is
uncountable.
Lemma 4. Let X be separable and let A be a nonempty nonseparable subset of BX∗ . Then there
exists a nonempty C ⊆ A such that ρ(C) > 0.
Proof. Let us consider, for each n ∈N, the class
Sn =
{
D ⊆ A: ‖x∗ − y∗‖ > 1/n for every x∗, y∗ ∈ D with x∗ = y∗},
with the partial ordering given by inclusion. If (Dλ)λ∈Λ is a chain in Sn, it can be checked that
the union
⋃
λ∈Λ Dλ also belongs to Sn, so Zorn’s lemma provides some maximal set An ∈ Sn;
the maximality means that A ⊆⋃x∗∈An B(x∗;1/n).
Now
⋃
n∈NAn is a dense subset of A. Since A is not separable, there must be some n0 ∈ N
for which An0 is not countable. By way of Lemma 3, there exists C ⊆ An0 still uncountable and
such that every x∗ ∈ C is a w∗-condensation point of C. Thus, any V ∈N (C) must contain an
infinite amount of points, in particular at least two different points x∗, y∗ ∈ V ⊆ An0 , which force
diamV  ‖x∗ − y∗‖ > 1/n0. This proves that ρ(C) 1/n0. 
In our case, the set A will in fact be S(BL1) for an operator S ∈ L(L1, Y ∗); note that in this
case we will not be able to get ρ(D) close to ‖S‖, in general.
Lemma 5. Let Y be a closed subspace of X, let A be a σ(X∗,X)-compact subset of BX∗ and let
C be a nonempty σ(Y ∗, Y )-compact subset of i∗Y (A). Then:
(i) There exists a w∗-compact subset D of A such that i∗Y (D) = C and is minimal under these
conditions.
(ii) ρσ(X∗,X)(D) ρσ(Y ∗,Y )(C) for every such D.
Proof. (i) Our set D will be provided by Zorn’s lemma as a minimal set of
S = {D ⊆ A: D is σ(X∗,X)-compact and i∗Y (D) = C},
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belongs to S . Now let (Dλ)λ∈Λ be a chain in S , and let D =⋂λ∈Λ Dλ be its intersection, which
is σ(X∗,X)-compact and contained in A. We also have
i∗Y (D) ⊆
⋂
λ∈Λ
i∗Y (Dλ) = C.
To see the opposite inclusion, take z ∈ C and define Dzλ = Dλ ∩ i∗Y −1(z) for each λ ∈ Λ; then
(Dzλ)λ∈Λ is a chain of nonempty σ(X∗,X)-compact sets, so their joint intersection
⋂
λ∈Λ D
z
λ =
D ∩ i∗Y −1(z) must also be nonempty, which means z ∈ i∗Y (D).
(2) Let D ⊆ A be a minimal set of S , and let V be a relatively σ(X∗,X)-open subset of D
with diameter less than ρσ(Y ∗,Y )(C); we will prove that V must be empty. Since D \ V is
σ(X∗,X)-compact, its image i∗Y (D \ V ) ⊆ C is σ(Y ∗, Y )-compact, so C \ i∗Y (D \ V ) is a rela-
tively σ(Y ∗, Y )-open subset of C. Now
diam
(
C \ i∗Y (D \ V )
)
 diam i∗Y (V ) diamV < ρ(C),
which forces C \ i∗Y (D \ V ) to be empty, i.e., i∗Y (D \ V ) = C. But then the minimality of D
means that V is also empty, as desired. 
Proposition 6. Let A ∈ L(L1,X∗) be a nonrepresentable operator. Then there exists a nonempty
w∗-compact subset D of A(BL1)w
∗
such that ρ(D) > 0.
Proof. We will first show that A(BL1)w
∗ is not separable if A is not representable. Let (gn)n∈N
be the martingale associated to A defined in terms of the dyadic intervals Ini ,
gn(t) :=
2n∑
i=1
2nA(χIni )χIni (t).
By [7, Proposition 6.1(i)], there is a w∗-measurable function g : [0,1] → X∗ such that for every
x ∈ X there is a null set Nx such that
lim
n→∞
〈
x,gn(t)
〉= 〈x,g(t)〉
for all t /∈ Nx . Since A is not representable, by [7, Proposition 6.1(ii)], g cannot be essentially
separably-valued; in particular, A(BL1)w
∗
cannot be separable.
Let Z be the closed subspace of X∗ spanned by A(L1). Since Z is separable, there exists a
closed separable subspace Y of X which norms Z. Then the restriction of i∗Y to Z is an isometric
injection, hence i∗YA ∈ L(L1, Y ∗) is not representable either. Denote B := A(BL1)w
∗
; applying
the previous part of the proof to i∗YA, we have that i∗Y (B) = i∗Y (A(BL1))w
∗
cannot be separable,
so Lemma 4 gives us C ⊆ i∗Y (B) such that ρ(C) > 0.
As N (C) = {C ∩ V : V ∈ N (Cw∗)}, we find that Cw∗ is a w∗-compact subset of i∗Y (B)
with ρ(Cw∗) = ρ(C) > 0. Finally, i∗Y (B) is a w∗-compact set and contains Cw
∗
, so we can
apply Lemma 5 to get a w∗-compact subset D of Cw∗ , and therefore of B , such that ρ(D) 
ρ(Cw
∗
) > 0. 
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sentable implies A representable, for all A ∈ L(L1,X). Moreover, it is shown in [6, Proposition
III.2.21] that an operator A ∈ L(L1,X) is representable if and only if for each measurable set G
with μ(G) > 0 there is another measurable set E with E ⊆ G and μ(E) > 0 such that ARE is
compact, where RE ∈ L(L1(μ),L1(μ)) is the operator given by RE(f ) = f χE .
Proposition 7. Let T ∈ L(X,Y ) be an operator such that T ∗ /∈RN+. Then there exists a non-
empty w∗-compact subset D of BY ∗ such that ρ(D) > 0 and T ∗(D) is relatively compact.
Proof. By the definition of RN+, there exists a nonrepresentable operator A ∈ L(L1, Y ∗) such
that T ∗A ∈ L(L1,X∗) is representable and ‖A‖ 1.
Since A is not representable, there exists G ∈ Σ with μ(G) > 0 such that ARE is not compact
for any E ∈ Σ with E ⊆ G and μ(E) > 0. On the other hand, T ∗A is representable, so there is
a set E ∈ Σ with E ⊆ G and μ(E) > 0 such that T ∗ARE is compact. However, ARE is still
not representable, so by Proposition 6 there exists a w∗-compact subset D of ARE(BL1)w
∗ ⊆
A(BL1)
w∗ ⊆ BY ∗ such that ρ(D) > 0. Moreover, T ∗ARE(BL1) is a compact set, so
T ∗(D) ⊆ T ∗ARE(BL1)w
∗ = T ∗ARE(BL1)
and T ∗(D) is indeed relatively compact. 
3. A perturbative characterization of T ∗ ∈RN+
In Proposition 7 we have isolated the behaviour of T ∗ /∈RN+(Y ∗,X∗) in a subset D of BY ∗ ,
and with this we are going to make our way to our main result. Namely, we are going to construct
a compact operator K :X → Y such that the kernel N(T ∗ + K∗) fails the Radon–Nikodým
property.
As we said in Section 1, it is well known that a dual space has the Radon–Nikodým property
if and only if it contains no bounded δ-separated trees [6, Theorem VII.2.6]. We are going to find
a separated tree within D and take (dn)n∈N as the difference sequence of that tree, so their span
will immediately fail the Radon–Nikodým property. However, to be able to also find a sequence
biorthogonal with this sequence, we will additionally need that (dn)n∈N is a basic sequence, and
to do this we will extend the construction found in [13], although our proof will be closer in spirit
to the results in [16].
Recall that a tree in X is a sequence (xn)n∈N such that, for every n ∈N,
xn = (x2n + x2n+1)/2;
the tree is called δ-separated if, for every n ∈N,
‖x2n+1 − x2n‖ > 2δ.
In order to obtain the tree within D we will construct first a decreasing tree of subsets by
iteration of the following result. We will be using the notation co∗C to stand for the w∗-closure
of the convex hull of C.
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ρ(C) > α > 0 and T ∗(C) is relatively compact, and let ε > 0. Then there exists a nonempty
w∗-compact convex subset K of co∗C such that diamT ∗(K) ε and there exist C1, C2 ∈N (C)
such that C1 ∪C2 ⊆ K and dist(co∗C1, co∗C2) α.
Proof. Fix z ∈ C. Since T ∗(C) is relatively compact, there exist x1, . . . , xm ∈ SX such that
T ∗(C) ⊆ B(T ∗z, ε/2)∪
(
m⋃
i=1
{
x∗ ∈ X∗: ∣∣〈x∗ − T ∗z, xi 〉∣∣> ε/3}
)
.
Taking V :=⋂mi=1{y∗ ∈ C: |〈y∗−z,T xi〉| < ε/3}, we get V ∈N (C) and T ∗(V ) ⊆ B(T ∗z, ε/2),
and then K := co∗V ⊆ co∗C is a nonempty w∗-compact convex set with
diamT ∗(K) diamT ∗(V ) ε.
Now V ∈ N (C), so diam(V ) > α and there must be v1, v2 ∈ V and y ∈ SY such that
〈v1 − v2, y〉 > α. Define δ := 〈v1 − v2, y〉 − α > 0, and
C1 =
{
y∗ ∈ V : 〈y∗ − v1, y〉 > −δ/2
}
, C2 =
{
y∗ ∈ V : 〈y∗ − v2, y〉 < δ/2
}
which are relatively w∗-open subsets of V , so C1, C2 ∈N (C), and they are also nonempty, since
v1 ∈ C1 and v2 ∈ C2. Lastly, C1 ∪C2 ⊆ V ⊆ K and, given y∗1 ∈ C1 and y∗2 ∈ C2, we have〈
y∗1 − y∗2 , y
〉= 〈y∗1 − v1, y〉+ 〈v1 − v2, y〉 + 〈v2 − y∗2 , y〉> −δ/2 + (δ + α)− δ/2 = α,
which proves dist(co∗C1, co∗C2) α. 
Next we give some technical results that will be needed in the proof of Theorem 12.
Lemma 9. Let C1, . . . ,Cn be nonempty subsets of BX∗ , let z ∈ X∗ and let (ai)ni=1 ∈ Bn1 . Define
r = inf
{
sup
{∥∥∥∥∥z +
n∑
i=1
aix
∗
i
∥∥∥∥∥: x∗i ∈ Di
}
: Di ∈N (Ci)
}
and let δ > 0. Then there exist (Di)ni=1 ∈
∏n
i=1N (Ci) and x ∈ SX such that
r − δ <
〈
z +
n∑
i=1
aix
∗
i , x
〉

∥∥∥∥∥z +
n∑
i=1
aix
∗
i
∥∥∥∥∥< r + δ
for any (x∗i )ni=1 ∈
∏n
i=1 co∗Di .
Proof. Observe that we can replace each set Ci by aiCi , so it is enough to prove the result in the
case ai = 1 for all i.
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r  sup
{∥∥∥∥∥z +
n∑
i=1
x∗i
∥∥∥∥∥: x∗i ∈ Ei
}
< r + δ.
Then there exist yi ∈ Ei and x ∈ SX such that 〈z +∑ni=1 yi, x〉 > r − δ/2.
Define, for each 1 i  n,
Di =
{
x∗ ∈ Ei :
∣∣〈x∗ − yi, x〉∣∣< δ/3n} ∈N (Ei) ⊆N (Ci).
Now it is clear that
r + δ > sup
{∥∥∥∥∥z +
n∑
i=1
x∗i
∥∥∥∥∥: x∗i ∈ Di
}
= sup
{∥∥∥∥∥z +
n∑
i=1
x∗i
∥∥∥∥∥: x∗i ∈ co∗Di
}
.
On the other hand,
Di ⊆ co∗Di ⊆
{
x∗ ∈ X∗: 〈x∗, x〉 〈yi, x〉 − δ/2n
}
and, whenever (x∗i )
n
i=1 ∈
∏n
i=1 co∗Di ,
〈
z +
n∑
i=1
x∗i , x
〉

〈
z +
n∑
i=1
yi, x
〉
− δ/2 > r − δ. 
The following concept will allow for simpler statements in the following results.
Definition 10. Let V a linear space and let C1, . . . ,Cn be nonempty subsets of V . We denote
Sheaf(C1, . . . ,Cn) =
⋃
vi∈Ci
[{v1, . . . , vn}].
Proposition 11. Let F be a finite-dimensional subspace of X∗, let 0 < ε < 1 and let C1, . . . ,Cn
be nonempty subsets of BX∗ such that ρ(Ci) > 0 for each 1 i  n. Then there exist (Di)ni=1 ∈∏n
i=1N (Ci) and a finite set Φ ⊆ SX that (1 + ε)-norms Sheaf(F, co∗D1, . . . , co∗Dn).
Proof. Define α = min{ρ(Ci): 1  i  n}/2 > 0 and γ = αε/30n. Define also G = F ⊕1 n1
and let (zj , aj )mj=1 be a finite γ -net in SG. The construction will be made in m steps.
We take E0i = Ci for each 1  i  n and we will find real numbers (rj )mj=1, subsets
(E
j
i )
m
j=1
n
i=1 of BX∗ and vectors (xj )
m
j=1 in SX such that, for each 1 j m,
(i) rj  α/5n;
(ii) Ej ∈N (Ej−1) for each 1 i  n;i i
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∏n
i=1 co∗E
j
i ,
rj − γ <
〈
zj +
n∑
i=1
a
j
i x
∗
i , xj
〉

∥∥∥∥∥zj +
n∑
i=1
a
j
i x
∗
i
∥∥∥∥∥< rj + γ. (1)
Assume that we are in step j and that we already have built Ej−11 , . . . ,E
j−1
n , and define
rj = inf
{
sup
{∥∥∥∥∥zj +
n∑
i=1
a
j
i x
∗
i
∥∥∥∥∥: x∗i ∈ Di
}
: Di ∈N
(
E
j−1
i
)}
.
Using Lemma 9 with zj ∈ F and aj ∈ Bn1 , there exist (E
j
i )
n
i=1 ∈
∏n
i=1N (Ej−1i ) and xj ∈ SX
such that (1) is satisfied for every (x∗i )ni=1 ∈
∏n
i=1 co∗E
j
i , so we only have to check the bound
rj  α/5n. If ‖zj‖ 3/5, we have ‖aj‖1  2/5, so, whatever the x∗i ∈ Ej−1i ⊆ BX∗ ,∥∥∥∥∥zj +
n∑
i=1
a
j
i x
∗
i
∥∥∥∥∥ ‖zj‖ − ∥∥aj∥∥1 > 1/5,
and we get rj  1/5  α/5n. On the other hand, if ‖zj‖ < 3/5, then |ajk | > 2/5n for some
1 k  n; if (Di)ni=1 ∈
∏n
i=1N (Ej−1i ) and x∗i ∈ Di for i = k, we have
diam
(
zj +
∑
i =k
a
j
i x
∗
i + ajkDk
)
= diam(ajkDk)= ∣∣ajk ∣∣diamDk > 2α/5n,
so there must be x∗k ∈ Dk such that ‖zj +
∑n
i=1 a
j
i x
∗
i ‖ > α/5n and also rj  α/5n.
Now we define Di = Emi for each 1  i  n, and let Φ = {x1, . . . , xm}. For every x∗ ∈
Sheaf(F, co∗D1, . . . , co∗Dn), there exist a non-null (z, a) ∈ G and (x∗i )ni=1 ∈
∏n
i=1 co∗Di such
that x∗ = z +∑ni=1 aix∗i . Without loss of generality, assume ‖(z, a)‖1 = 1; then there must be
some 1 j m such that ‖(z, a)− (zj , aj )‖ < γ , for which∥∥∥∥∥
(
z +
n∑
i=1
aix
∗
i
)
−
(
zj +
n∑
i=1
a
j
i x
∗
i
)∥∥∥∥∥ ∥∥(z, a)− (zj , aj )∥∥1 < γ
so it follows, using (iii), that
〈
z +
n∑
i=1
aix
∗
i , xj
〉

〈
zj +
n∑
i=1
a
j
i x
∗
i , xj
〉
− γ > rj − 2γ
and 〈
z +
n∑
aix
∗
i , xj
〉
>
∥∥∥∥∥zj +
n∑
a
j
i x
∗
i
∥∥∥∥∥− 3γ 
∥∥∥∥∥z +
n∑
aix
∗
i
∥∥∥∥∥− 4γ.
i=1 i=1 i=1
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ε
〈
z +
n∑
i=1
aix
∗
i , xj
〉
> εrj − 2εγ > εα/5n− 2γ.
Adding up these inequalities,
(1 + ε)
〈
z +
n∑
i=1
aix
∗
i , xj
〉
>
∥∥∥∥∥z +
n∑
i=1
aix
∗
i
∥∥∥∥∥+ εα/5n− 6γ =
∥∥∥∥∥z +
n∑
i=1
aix
∗
i
∥∥∥∥∥,
and the proof is finished. 
In the following result, given an operator T such that T ∗ /∈RN+, we inductively construct a
decreasing tree of subsets from which we will extract a tree of points that will allow us to obtain
the perturbative characterization.
Theorem 12. Let T ∈ L(X,Y ) be an operator such that T ∗ /∈RN+. Then there exists α > 0
such that for every sequence (εn)n∈N of real numbers in (0,1) there exist a sequence (Kn)n∈N
of nonempty convex w∗-compact subsets of BY ∗ , a sequence (Fn)n∈N of finite-dimensional sub-
spaces of Y ∗ and a sequence (Φn)n∈N of finite subsets of SY such that for every n ∈N,
(i) K2n ∪K2n+1 ⊆ Kn;
(ii) diamT ∗(Kn) εn;
(iii) dist(K2n,K2n+1) α;
(iv) Φn (1 + εn)-norms Sheaf(Fn−1,Kn,Kn+1, . . . ,K2n−2,K2n−1);
(v) Y ∗ = Fn ⊕Φ⊥n ;
(vi) Fn ⊆ Fn+1 and Φn ⊆ Φn+1;
(vii) diamPn(Kn) εn, where Pn ∈ L(Y ∗, Y ∗) is the projection with range Fn and kernel Φ⊥n .
Proof. By Proposition 7, there exists a w∗-compact set D in BY ∗ such that ρ(D) > 0 and T ∗(D)
is relatively compact; define α := ρ(D)/2 > 0.
We will use an auxiliary family of sets (Cnm)n,m ⊆N (D), where n ∈N and nm 2n + 1,
such that, for every n ∈N,
(viii) Kn ⊆ co∗Cnn ;
(ix) Cn2n ∪Cn2n+1 ⊆ Kn;
(x) Cn+1m ⊆ Cnm for each n <m 2n+ 1;
(xi) dist(co∗Cn2n, co∗Cn2n+1) α;
(xii) Φn (1 + εn)-norms Sheaf(Fn−1, co∗Cnn, . . . , co∗Cn2n−1).
The construction will be done inductively.
Note that, if these new conditions hold, then some of the original conditions are satisfied
automatically. This is because K2n ⊆ co∗C2n2n ⊆ co∗Cn2n and K2n+1 ⊆ co∗C2n+12n+1 ⊆ co∗Cn2n+1, so
we will have (i),
K2n ∪K2n+1 ⊆ co∗Cn2n ∪ co∗Cn2n+1 ⊆ co∗Kn = Kn,
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dist(K2n,K2n+1) dist
(
co∗Cn2n, co∗C
n
2n+1
)
 α,
and finally (iv), since
Sheaf(Fn−1,Kn, . . . ,K2n−1) ⊆ Sheaf
(
Fn−1, co∗Cnn, . . . ,C2n−12n−1
)
⊆ Sheaf(Fn−1, co∗Cnn, . . . ,Cn2n−1).
Therefore, these conditions will not be explicitly checked for.
Initial induction step. Using Proposition 11, there exist C11 ∈N (D) and a finite set Φ1 ⊆ SX
that (1 + ε1)-norms Sheaf({0}, co∗C11). (In this case, the use of Proposition 11 is an overkill, but
this shows the same strategy that we will use in the general case.) As Φ1 is finite, there exists a
finite-dimensional subspace F1 of Y ∗ such that Y ∗ = F1 ⊕Φ⊥1 .
Now, since (T ∗,P1) ∈ L(Y ∗,X∗ ⊕∞ Y ∗) is a conjugate operator, Proposition 8 shows
that there is a nonempty w∗-compact convex set K1 ⊆ co∗C11 such that diamT ∗(K1)  ε1
and diamP1(K1)  ε1, and there exist C12 ,C13 ∈ N (C11) such that C12 ∪ C13 ⊆ K1 and
dist(co∗C12 , co∗C13) α.
General induction step. Take n > 1 and assume that Φn−1, Fn−1, and Cn−1n , . . . , Cn−12n−1 have
already been built. Following Proposition 11, there exist Cni ∈ N (Cn−1i ), for n  i  2n − 1,
and a finite set Φ ⊆ SY that (1 + εn)-norms Sheaf(Fn−1,Cnn, . . . ,Cn2n−1). Define Φn = Φ ∪
Φn−1, which also (1+ εn)-norms the previous set; since Y ∗ = Fn−1 ⊕Φ⊥n−1, there exists a finite-
dimensional subspace Fn of Y ∗ containing Fn−1 and such that Y ∗ = Fn ⊕Φ⊥n .
Now that Cnn has been built, and again applying Proposition 8 to the conjugate operator
(T ∗,Pn) ∈ L(Y ∗,X∗ ⊕∞ Y ∗), we find a nonempty w∗-compact convex set Kn ⊆ co∗Cnn such
that both diamT ∗(Kn)  εn and diamPn(Kn)  εn, and there are also Cn2n,Cn2n+1 ∈ N (Cnn)
such that Cn2n ∪Cn2n+1 ⊆ Kn and dist(co∗Cn2n, co∗Cn2n+1) α, and the proof is done. 
Next we state an abstract lemma that will allow us to extract a tree from the subsets obtained
in Theorem 12.
Lemma 13. (See [7, Lemma 6.5].) Let {Kn: n ∈ N} be a family of nonempty compact convex
subsets in a locally convex space E such that K2n ∪K2n+1 ⊆ Kn for all n ∈N. Then there exists
a tree (xn) in E with xn ∈ Kn for all n ∈N.
The following result can be derived from the basic relations of duality for Banach spaces.
Lemma 14. Let E be a finite-dimensional subspace of X, let G be a subspace of E and let
Φ ⊆ SX∗ be a finite set that η-norms E for some η > 1. Then for every d ∈ E \ G there exists
b ∈ [Φ] with ‖b‖ η dist(d,G)−1 such that 〈b, d〉 = 1 and 〈b, x〉 = 0 for all x ∈ G.
Next we give our main result, which provides a perturbative characterization of the conjugate
operators in RN+.
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exist α > 0 and a pair of biorthogonal sequences (bn)n∈N ⊆ Y and (dn)n∈N ⊆ Y ∗ such that, for
every n ∈N,
1/3 < ‖bn‖ < 12/α, α/2 < ‖dn‖ < 3,
∥∥T ∗dn∥∥< α/2n,
and (dn)n∈N is a λ-basic sequence whose span fails the Radon–Nikodým property.
Consequently, K(x) = ∑∞n=1〈T ∗dn, x〉bn defines a nuclear operator in L(X,Y ) such that
N(T ∗ −K∗) /∈ RNP.
Proof. Our goal is to construct a bounded separated tree in Y ∗ and then take (dn)n∈N to be the
difference sequence of that tree. However, to ensure that we can also select the seminormalized
sequence (bn)n∈N ⊆ Y , we will need additional conditions.
We assume that ‖T ‖  1 and apply Theorem 12 to get α ∈ (0,2) and families (Kn)n∈N,
(Fn)n∈N and (Φn)n∈N satisfying the thesis of Theorem 12 for
εn = min
{
α/2n+1, (λ− 1)/2} α/2 < 1.
The family (Kn)n∈N matches the hypothesis of Lemma 13, so there exists a tree (y∗n)n∈N with
y∗n ∈ Kn, which, by condition (iii), is α-separated. However, as we said before, this tree does not
directly fit our purpose, so some perturbations are in order. To this end, let, for each n ∈N,
wn = 12Pn
(
y∗2n+1 − y∗2n
) ∈ Fn.
A first observation about these wn is the bound ‖wn‖ εn, due to (vii) and y∗2n, y∗2n+1 ∈ Kn.
Let us now consider the perturbation tree defined by
e1 = 0, e2n = en −wn, e2n+1 = en +wn.
The bound for wn brings along that
‖en‖
n∑
i=1
‖wi‖
n∑
i=1
εi 
∞∑
i=1
α/2i+1 = α/2.
Let finally (zn)n∈N be the sequence given by zn = y∗n − en. It is immediate to check that this
sequence is a bounded tree, with ‖zn‖ 1 + α/2 for all n.
If we now define the difference sequence (dn)n∈N as dn = z2n+1 − z2n, then
dn = y∗2n+1 − y∗2n − 2wn = y∗2n+1 − y∗2n − Pn
(
y∗2n+1 − y∗2n
) ∈ N(Pn) = Φ⊥n .
From this equality and ‖wn‖ εn it follows that ‖dn‖ 3 and also, applying (ii), that
‖dn‖
∥∥y∗2n+1 − y∗2n∥∥− ‖2wn‖ dist(K2n+1,K2n)− εn  α/2. (2)
Moreover, using (ii), we get∥∥T ∗dn∥∥ diamT ∗(Kn)+ 2∥∥T ∗∥∥‖wn‖ 2εn  α/2n
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property, since it contains the shifted tree (zn − z1)n∈N, which is bounded and α/4-separated
(because of (2)).
Let us now turn to checking that (dn)n∈N is a λ-basic sequence. To this end, denote En :=
[d1, . . . , dn−1] for each n ∈N. Then, for n > 1,
En ⊆
[
y∗1 , y∗2 , . . . , y∗2n−2, y∗2n−1,w1, . . . ,wn−1
]
and, since (y∗n)n∈N is a tree,
En ⊆
[
y∗n, . . . , y∗2n−2, y∗2n−1,w1, . . . ,wn−1
]
,
where w1, . . . ,wn−1 ∈ Fn−1 and y∗n ∈ Kn, so
En ⊆ Sheaf(Fn−1,Kn, . . . ,K2n−2,K2n−1)
and En must be (1+εn)-normed by Φn. In particular, as dn ∈ Φ⊥n , we have that for every y∗ ∈ En
and y˜∗ ∈ [dm: m n] ⊆ Φ⊥n ,
‖y∗‖ (1 + εn) max
y∈Φn
〈y∗, y〉 = (1 + εn) max
y∈Φn
〈y∗ + y˜∗, y〉 (1 + εn)‖y∗ + y˜∗‖,
so (dn)n∈N is indeed a λ-basic sequence, because
max
n∈N
(1 + εn) (λ+ 1)/2 < λ.
In order to get the (bn)n∈N, note that, given y∗ ∈ En,
‖dn‖ ‖dn + y∗‖ + ‖y∗‖ ‖dn + y∗‖ + (1 + εn)‖dn + y∗‖ (2 + εn)‖dn + y∗‖,
so
dist(dn,En) = inf
{‖dn + y∗‖: y∗ ∈ En} 12 + εn ‖dn‖ α/6.
Using Lemma 14 with E = En+1 and G = En, there must exist bn in the linear span of Φn+1
such that
‖bn‖ (1 + εn+1)dist(dn,En)−1 < 12/α
and 〈dn, bn〉 = 1 and 〈y∗, bn〉 = 0 provided y∗ ∈ En; in particular, 〈dm,bn〉 = 0 if m < n. Be-
sides, bn is in the linear span of Φn+1 and dm ∈ Φ⊥m ⊆ Φ⊥n+1 if m > n, so, from (vi), we get that
〈dm,bn〉 = δmn, that is, (dn)n∈N and (bn)n∈N are biorthogonal sequences and ‖bn‖ ‖dn‖−1 >
1/3.
Finally, since
∑∞
n=1 ‖T ∗dn‖‖bn‖ 12, K is well defined and nuclear. Moreover, its conjugate
is given by K∗(y∗) =∑∞n=1〈y∗, bn〉T ∗dn, so K∗(dn) = T ∗(dn), and we obtain [dn: n ∈ N] ⊆
N(T ∗ −K∗) and therefore N(T ∗ −K∗) /∈ RNP. 
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regarding Asplund spaces, can now be derived as a corollary. There are several equivalent de-
finitions of an Asplund space; here, an Asplund space will be a space whose dual has the
Radon–Nikodým property.
Corollary 16. (See [13,17].) Let X be a non-Asplund space and let λ > 1. Then there exists a
λ-basic sequence (dn)n∈N in X∗ whose span fails the Radon–Nikodým property.
From Theorem 15 we can also derive a perturbative characterization for the semigroup Q−
associated to the operator ideal Q of decomposable operators.
Corollary 17. Let T ∈ L(X,Y ) be an operator. Then the following are equivalent:
(i) T ∗ ∈RN+;
(ii) T ∈Q−;
(iii) Y/R(T +K) is Asplund for every compact operator K .
Proof. (i) ⇒ (ii). Let B ∈ L(Y,Z) be such that BT ∈Q, so T ∗B∗ = (BT )∗ ∈RN . Since we
are assuming T ∗ ∈RN+, this means B∗ ∈RN , that is, B ∈Q.
(ii) ⇒ (iii). Take the quotient operator Q ∈ L(Y,Y/R(T )); then QT is the null operator,
so in particular QT ∈ Q. Under the assumption that T ∈ Q−, we have Q ∈ Q, that is, Q∗ ∈
RN ((Y/R(T ))∗, Y ∗). Since Q∗ is an isometric injection, this forces (Y/R(T ))∗ to have the
Radon–Nikodým property.
Take now any compact operator K ∈ L(X,Y ); then T +K still belongs toQ−, so the previous
argument applies and Y/R(T +K) is Asplund.
(iii) ⇒ (i). Assume T ∗ /∈ RN+; following Theorem 15, there exists a compact opera-
tor K ∈ L(X,Y ) such that N(T ∗ − K∗) /∈ RNP, where (Y/R(T −K))∗ is isomorphic to
N(T ∗ −K∗). 
References
[1] P. Aiena, M. González, A. Martínez-Abejón, Operator semigroups in Banach space theory, Boll. Unione Mat. Ital.
Sez. B (8) 4 (2001) 157–205.
[2] J. Bourgain, A new class of L1-spaces, Israel J. Math. 39 (1981) 113–126.
[3] J. Bourgain, New Examples of Lp-Spaces, Lecture Notes in Math., vol. 889, Springer, 1981.
[4] J. Bourgain, H.P. Rosenthal, Applications of the theory of semi-embeddings to Banach space theory, J. Funct.
Anal. 52 (1983) 149–188.
[5] W.J. Davis, T. Figiel, W.B. Johnson, A. Pełczyn´ski, Factoring weakly compact operators, J. Funct. Anal. 19 (1974)
311–327.
[6] J. Diestel, J.J. Uhl Jr., Vector Measures, Math. Surveys, vol. 15, Amer. Math. Soc., 1977.
[7] D. van Dulst, The geometry of Banach spaces with the Radon–Nikodým property, Rend. Circ. Mat. Palermo (2)
Suppl. 7 (1995).
[8] N. Ghoussoub, B. Maurey, Counterexamples to several problems concerning Gδ -embeddings, Proc. Amer. Math.
Soc. 92 (1984) 409–412.
[9] N. Ghoussoub, B. Maurey, Gδ -Embeddings in Hilbert space, J. Funct. Anal. 61 (1985) 72–97.
[10] N. Ghoussoub, B. Maurey, Gδ -Embeddings in Hilbert space II, J. Funct. Anal. 78 (1988) 271–305.
[11] N. Ghoussoub, H.P. Rosenthal, Martingales, Gδ -embeddings and quotients of L1, Math. Ann. 264 (1983) 321–332.
[12] M. González, V.M. Onieva, Characterizations of Tauberian operators and other semigroups of operators, Proc. Amer.
Math. Soc. 108 (1990) 399–405.
[13] J.N. Hagler, A note on separable Banach spaces with nonseparable dual, Proc. Amer. Math. Soc. 99 (1987) 452–454.
580 M. González et al. / Journal of Functional Analysis 252 (2007) 566–580[14] R. Neidinger, Properties of Tauberian operators on Banach spaces, PhD thesis, The University of Texas at Austin,
1984.
[15] A. Pietsch, Operator Ideals, North-Holland, 1980.
[16] W. Schachermayer, On a theorem of J. Bourgain on finite-dimensional decompositions and the Radon–Nikodým
property, in: Geometrical Aspects of Functional Analysis (1985/86), in: Lecture Notes in Math., vol. 1267, Springer,
1987, pp. 96–112.
[17] C. Stegall, The Radon–Nikodým property in conjugate Banach spaces, Trans. Amer. Math. Soc. 206 (1975) 213–
223.
